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Abs t rac t  

A g e n e r a l i z a t i o n  of the  Lanczos t a d  method i s  

desc r ibed  f o r  t h e  numerical s o l u t i o n  of a c l a s s  of h e a t  

conduction problems. It is shown t o  be more e f f i c i e n t  

t han  t h e  Crank-Nicolson method f o r  some t y p i c a l  examples. 
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I n t r o d u c t i o n  
I n  a p rev ious  paper (Mason, 1967) we have described a 

two-dimensional Chebyshev method for t h e  s o l u t i o n  of par- 

t i a l  d i f f e r e n t i a l  equa t ions  ove r  bounded r e g i o n s  for 

c e r t a i n  types of boundary problems. I n  t h i s  paper we s h a l l  

cons ide r  the one-dimensional heat e q u a t i o n  and d e r i v e  a 

Chebyshev method which i s  e s s e n t i a l l y  one-dimensional. 

1. The H e a t  Conduction Problem 

Consider t h e  heat conduction equa t ion  of  t h e  f o r m  

v -v = o  (-1 x c 1, 0 - < t < a) ...( 1) xx t 

w i t h  boundary c o n d i t i o n s  

on x = 1, . .. ( 2 )  

v = f ( x )  on t = 0 . j  
I n  the u s u a l  n o t a t i o n  v a n d  v denote  the p a r t i a l  der iv-  

X t 

a t i v e s  of v w i t h  respect t o  x and t r e s p e c t i v e l y .  T h e  fun+ 

t i o n s  p'-l ( t ) ,  Idl ( t )8  f (x)  and t h e  c o n s t a n t s  A -1' P-1 '  A1' 

are g iven ,  and the  d i f f u s i v i t y  of t h e  subs t ance  h a s  IJl18 

been  t a k e n  as u n i t y  by  a s u i t a b l e  t r ans fo rma t ion  of t .  

The t w o  methods which are u s u a l l y  advoca ted  for  s o l v i n g  

such problems are t h e  Four i e r  series method and the impl ic i t  

f i n i t e  d i f f e r e n c e  method of Crank and Nicolson (1947).  The 

Crank-Nicolson scheme for the problem (l), ( 2 )  i s  described 

c o n c i s e l y  i n  S m i t h  (1965). The F o u r i e r  method, which is  
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d e ~ c r i b e d  i n  d e t a i l  i n  Carslaw and Jaeger  (1959), leads t o  

i n f i n i t e  a n a l y t i c a l  expansions for t h e  s o l u t i o n  v ( x ,  t). 

some t y p i c a l  examples of such expansions a r e  as follows. 

=ample (i)  

-1 
- h = h l  = 1s.; p-l - I p1 = 0; 6-, = d, 3 0. 

Suppose f (x )  is an odd func t ion  of x wi th  a Four ie r  expansion 
0)  

k = l  

- -1 

Then v(x ,  t )  = \ 
2 2  -k II t Ea 

s i n  knx . L a k e  
k = l  

Example (ii) 

- X = h l  = h;  pV1 = -1, p1 = 1; @ -1 -1 

k 

= Idl 2 0 .  

Suppose CY is  the kth p o s i t i v e  z e r o  of 

2 
(02 - h ) t a n  204 = 2ah, 

k' and t h a t  = h s i n  ct + N cos CY k k 

k'  = h cos CY - ctk s i n  Q dk ?< 

k gk (x )  = ck cos CY x + d k 
'Qkt 

( 'Yk + h2 + h)"  ak e gk ( x ) #  * * - ( 3 )  Then v ( x , t )  = ?  
k k l  

. . (4 )  

Zouriei- series e;:>ansion i n  k h e  cases h = o anC h = ,'. 
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The presence  of n o n - t r i v i a l  L'unctions @ ( t )  and al ( t )  -1 

i n  t h e  boundary c o n d i t i o n s  ( 2 )  i n t r o d u c e s  t e r m s  l i k e  

i n t o  t h e  expansions.  

For numerical  computat ions t h e  r e l e v a n t  expansion would 

be kerminated aii;er a certain number, say n ,  02 t e r m s .  The 

r e s u l t i n g  a w r o x i m a t i o n  could t h e n  be made e x p l i c i t  by cal- 

c u l a t i n g  n d e f i n i t e  i n t e g r a l s  l i k e  ( 4 )  and n i n d e f i n i t e  i n t e -  

g ra l s  l i k e  ( 5 ) .  But ,  i n  g e n e r a l ,  separate expans ions  are 

needed for each  d i s t i n c t  l i n e  i n  t h e  t - d i r e c t i o n ,  s i n c e  the 

i n t e g r a l s  ( 5 )  r e q u i r e  numerical  quadrature.  F i n i t e  d i f f e r -  

ence  methods l i k e  the Crank-Nicolson method are s p e c i f i c a l l y  

des igned  t o  make use  oC steps i n  t h e  t - d i r e c t i o n ,  and t h e  

s i m p l i c i t y  03 such methods appears t o  g i v e  them a c lear  

advantage  over  the Four i e r  series method. E l l i o t t  (1961) has, 

however, s t r eaml ined  the F o u r i e r  method i n t o  a Chebyshev 

method which could olfer  s t r o n g e r  compe t i t i on .  E l l i o t t  u s e s  

f i n i t e  d iz ' l e rence  approximations i n  t h e  t - d i r e c t i o n  t o  o b t a i n  

T ( x )  t o  v ( x , t )  f o r  each t .  b ai i approximat ions  of f o r m  

Using t h e  s t a n d a r d  n o t a t i o n ,  Ti ( x )  d e n o t e s  the Chebyshev 

polynomial  of degree i, which is appropriate t o  the  r ange  

[-1, 11 of x .  

T h i s  is n o t  t h e  end of t h e  matter,  however, s i n c e  there 

arc  many problems f o r  which  the i n t e g r a l s  ( S )  can  be eva lua ted .  
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exp l i c i t l y  from exact or approximate ana ly t ica l  expressions. 

I n  par t icu lar  t h i s  happens when 6-, (t) and 6, (t)  can be 

adequately represented by sums of products of functions l i ke  

t ,  e , cos t ,  and s i n  t .  I n  such cases w e  believe t h a t  the -t 

Fourier method is generally more e f f i c i e n t  than Crank- 

Nicolson, because it does not involve any step-by-step 

integrat ion i n  the  t-direction. Moreover, advantage has been 

taken of the exponential behavior of v ( x , t )  i n  the adopted 

form of approximation. 

It is  t h i s  res t r ic ted  c l a s s  of functions @_, and d, with 

which the  remainder of our discussion w i l l  be concerned. 

The Fourier method w i l l  be streamlined in to  a Chebyshev 
.- 

method by adopting approximations t o  v ( x , t )  of the form 
2n'  - 

These approximations will be substant ia l ly  p a r t i a l  sums 

of an i n f i n i t e  expansion 
m m 

A t  first s ight  t h e  number of coeff ic ients  involved i n  (6) 

2 
appears t o  be of order n , b u t  i n  f a c t  it is  found t h a t  C i j  

.may be genera Led. by sii.\,$c recuircncc Zornulac Zrom jus i 

Zn basic c o e z i l c i e n l s .  Thus the Chcbyshev methou Tb-ill in 
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2. The Bas ic  Chebyshev Method 

The f o r m  of approximation ( 6 )  w i l l  no t  be adopted imme- 

d i a t e l y .  I n s t e a d ,  undetermined f u n c t i o n s  of t w i l l  be used 

i n i t i a l l y ,  and it w i l l  be shown t h a t  t h e s e  must n e c e s s a r i l y  

be sums of exponen t i a l s .  

The heat-conduct ion problem (1) and ( 2 )  is rep laced  by 

t h e  fo l lowing  d i s c r e t e  problem: 

Find t h e  s o l u t i o n  of f o r m  
n 

. . . ( 8 )  

t o  t h e  p a r t i a l  d i f f e r e n t i a l  equa t ion  

1-2n 

0 

v -v = 2  xx t 

s u b j e c t  t o  the boundary c o n d i t i o n s  

on x = -1, . . . ( l o a )  

h l  

v ( x , t )  = f ( x )  a t  t h e  z e r o s  of T ( x )  

v + v1 vx = 6, ( t )  on x = 1, . . . ( l o b )  

2n 
on t = 0. . . . (10c)  

The boundary cond i t ion  ( 1 O c )  i s  e q u i v a l e n t ,  i n  t h e  case  

6 E fl1 3 0, t o  t h e  cond i t ion  -1 

v ( x , t )  = f*(x) on t = 0, . . . (3Od) 
where f * ( x )  is  the polynomial of degree (2n + 1) which 

i n t e r p o l a t e s  f (x) a t  the 2n ze ros  of t h e '  Chebyshev polynom- 

i a l  T2n (x) subject t o  t h e  c o n s t r a i n t s  (loa) and ( lob)  
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on t = 0. The use  of t h e  p e r t u r b a t i o n  t e r m  on the r i g h t  of 

( 9 )  is a n  obvious g e n e r a l i z a t i o n  of t h e  t a u  method of Lanczos 

(1956). 

1 
As w a s  i n f e r r e d  i n  Sec. 1, we s h a l l  assume tfiat @-l* and 

-t are sums of p roduc t s  of f u n c t i o n s  l i k e  t ,  e , cos t ,  and 

s i n  t ,  and tha t  f ( x )  i s  cont inuous  and of bounded v a r i a t i o n  

on [-1, 13. The r e s t r i c t i o n  on f ( x )  e n s u r e s  t h a t  it has a 

uni formly  convergent  Chebyshev ser ies  on [ - 1 + E ,  1 4 1  fo r  any 

E > 0, which i n  t u r n  g i v e s  subs t ance  t o  the  process of 

Chebyshev i n t e r p o l a t i o n  used i n  ( 1 O c ) .  

Define the c o n s t a n t s  u u .. . , u by  t h e  equa t ion  
0' 1' n 

21-2n 2n-2 + (x) u x2n + u x e . .  + u , T2n 0 1 n 

so t h a t  i n  p a r t i c u l a r  u = 1. Then the s u b s t i t u t i o n  of (8)  

i n t o  ( 9 )  leads, on equa t ing  powers of x, t o  t h e  fo l lowing  

0 

sys tem of f irst  order ordinary d i f f e r e n t i a l  e q u a t i o n s .  

-3 
1 

(1)- 
0 -. ..(ll) - a - rl, 

- ai (1) = T~ u (2n-2i+2) (2n-2i+l)  a (i=l,. . . , n i l  i' i-1 

D e r i v a t i v e s  wi th  respect t o  t are denoted  by any of t h e  

n o t a t  i o n s  

- (1) = D a a , e tce  d - 
d t  a. 0 0 
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The fo l lowing  r e l a t i o n s  can be v e r i f i e d  by s u b s t i t u t i o n  

i n t o  (11) and ( 1 2 )  . 
i =  0, ..., n . . . (13) 

= (2n+2i-2 j + l )  ! and H i j  ( 2 i + l )  ! U j - i  

. . . (15) 

. . . (16) 
f o r  j = i ,  ..., n a n d i = O ,  ..., n 

I f  c o n d i t i o n s  ( l o a ) ,  (lob) are imposed on v ( x ,  t ) ,  t h e n  

the fo l lowing  r e l a t i o n s  r e s u l t  
n 

. . . (17) 

Let  P, Q, R ,  S, E be de f ined  a s  fo l lows .  
n n 

n n 
z , Q ( z )  E qo + ... + q n z  I 

+ Pn P(z) = Po + p l  z + ... 
z + . . . + r  z ,  s ( z ) = s 0 +  . . . +  s z ,  R ( z )  = ro + r1 n n 

2n = z + ... + e z - Q ( Z )  R ( Z )  - P(Z) s ( z ) ,  
e. .. (19) 0 + el 2n E ( z )  = e 

where p , q r s are some numbers, and z i s  e i ther  a 

v a r i a b l e  or  a d i f f e r e n t i a l  o p e r a t o r .  Then, d i f f e r e n t i a t i n g  

( 1 7 )  n t i m e s  and s u b s t i t u t i n g  f o r  a ( n )  and bn ( n )  - from (13) and 

(141, we  o b t a i n  t h e  fo l lowing  p a i r  of s imul taneous  l i n e a r  

j j '  j '  ri 

n - i  



o r d i n a r y  d i f f e r e n t i a l  equa t ions  

d 
dt 

where D deno tes  - and 

.i 

=i E 
j L i H i j *  

Sepa ra t ing  a 0 and  bo i n  ( 2 3 )  .!e obtain 

0 . .  (20)  

. . (21a) 

. . . (21b) 

.e. ( 2 ? a )  

. . . ( 2 W  

t7here 0 znfl e ' . I .  t "2.n a r e  dcfinrd b j  (49; e - 

The solutions 02 (22a) and ( 2 2 b )  may be expressed  i n  the 

. . . (23)  

. . . (24)  
j =1 

where 5 ,  ( t )  and qo (t)  are p a r t i c u l a r  i n t e g r a l s  of (22a) and 

(Zb) r e s p e c t i v e l y ,  k .  3 and 1 j 

and mi are the 2n roots of the polynomial equa t ion  

are undetermined c o n s t a n t s ,  

2n 
J 

E ( z )  E e 0 + e 1 z + ... + e2n z = 0, 

Moreover k and  1 may be shown t o  be connected by t h e  
j j 

r e l a t i o n  

. . ( 2 5 )  

If w e  denote  R ( m . )  3 by Rj and S ( m . )  3 by S j ,  t h e n  k j and 

1. may be expressed in terms of an unknown h j by w r i t i n g  
3 
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k = h .  S. and 1 = - h .  R . . . . (26)  
j 3 3  j I J  

j 
The c o n s t a n t s  m a r e  determined by (251, and it remains 

1' 

m u s t  be expressed  i n  s imi la r  forms t o  

t o  determine h . But f i r s t  t h e  remaining c o e f f i c i e n t s  a 

..., an ,  bl, ..., b 

(23)  and ( 2 4 ) ,  and t h i s  can be achieved by  apply ing  t h e  

j 

n 

equa t ions  (11) and ( 1 2 )  t o  (23)  and ( 2 4 ) .  Suppose t h a t  

-1 
M = ( m . )  f o r  each j 

j 3 

t h e n  it can be v e r i f i e d  t h a t  
2n m .t 

+ < ( t ) ,  i = 0, ..., n ... (27)  i a ( t)  = \ k A  e i jZ1 j i j  

2n m .t 
1. B i j  e 3 + qi ( t ) ,  i = 0, . . . , n . . . ( 2 8 )  b ( t )  = \ 

i j21 3 

where 

A = 1, = (2n-2i+2)(2n-2i+l)  M. Ai +ui, ... ( 29) 
o j  3 -  

i' B = 1, B i j  = (2n-21+3)(2n-21+2) M .  Bi +U 
oj 3 -  

. . . (30)  

f o r  j = 1, 2 ,  ..., 2n and i = 1, 2 ,  ..., n ,  

and si ( t ) ,  q. ( t )  are f u n c t i o n s  which may be determined 
1 

e x p l i c i t l y  from 

(11) and ( 1 2 ) .  

(t) and 1 - 1 ~  ( t )  by app ly ing  t h e  r e l a t i o n s  0 

2'  Moreover, s i m i l a r  formulae can be deduced f o r  T and T 1 
2n m .t 

k .  m .  e 3 - 7  ( t ) J  -. . (31)  '0 
= , \  

T1 j'G1 ' 7 3  

2n m .t 
>\ 7 (l) ( t ) .  . . . (32)  / 1  2 4 - j m j  e 

T = -  

j =1 

Assuming t h a t  t h e  m a r e  a l l  r ea l  and n e g a t i v e ,  we no te  
j 

tha t  T~ and decay a sympto t i ca l ly  t o  z e r o  i f  and on ly  i f  



T h i s  i s  t rue  i n  the t r i v i a l  case i n  which apd @L -1 a 
'I are  ident ica l ly  zero, for  the  functions 5 . .- ,  b n 8  ;10' 0' 

- - - ,  rl, a re  a l l  then ident ica l ly  zero. N o  formulae w i l l  

be derived here €or <i and Ti i n  a general case, b u t  i n  

Section 3 below we s h a l l  cover i n  d e t a i l  t h e  par t icu lar  case 

i n  which d-, and 6 ,  a re  both polynomials i n  t .  

Combining ( 8 ) ,  ( 2 6 ) ,  (271, and (28)  leads to the  follow- 

ing formula €or v ( x , t ) .  

V b ' t )  f u(x , t )  -kV(x , t ) ,  . . . ( 3 3 )  

where 

. . * (35) 

The boundary condition (1Oc) is a l l  t h a t  remains t o  be 

s a t i s f i e d  i n  t he  d iscre te  problem (91, (loa-c).  This condi- 

t i o n  spec i f ies  t h a t  

v(x ,o )  = f ( x )  a t  the 2n zeros of TZn ( X I 8  . . . ( 3 6 )  

where v ( x , t )  is defined by ( 3 3 ) .  These are j u s t  2n simul- 

taneous l inear  equa t ions  f o r  the  determination of t he  2n 

unknowns h - 
j 

Thus the solut ion of the discrete problem has reduced 

t o  t h e  determination of the  quan t i t i e s  m and h .  by t he  

solut ion of the  polynomial ( 2 5 )  a n d  t he  s e t  of l inear  equa- 

j 7 

t i o n s  ( 3 6 ) .  
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2 . 1  S p e c i a l  Cases 

hl 8 p1 s a t i s f y  -1' If A 

+ Pm1) x1 - k ( A l  + P1) = 0, 
( - ? L - l  -1 - .  . ( 3 7 )  

t h e n  it can be v e r i f i e d  t h a t  e = 0, el f 0 i n  ( 2 5 ) .  ~ h u s  (25)  0 

has a simple z e r o  r o o t ,  say m . The p a r t i c u l a r  c a s e ' i n  rihich 

b o t h  (Al + pl) and ( - A m l  + p- l )  a r e  z e r o  is  of no p r a c t i c a l  

2n 

i n t e r e s t .  On t h e  o t h e r  hand, t h e  case  A-l = X l  = 0 is of 

i n t e r e s t  and is  covered by t h e  s p e c i a l  Chebyshev method of Sec- 

t i o n  4'. I n  all other csrscs DE ( 3 7 )  we s i x p l y  modify t h e  rela- 

- - = 0 f o r  i = 0 ,  t i o n s  ( 2 9 )  and ( 3 0 )  by s e t t i n g  Ai,2n 

..., n - 1. 

Bi, 2n 

2.2  Chebvshev C o e f f i c i e n t s  and Er ro r  E s t i m a t e s  

The f u n c t i o n  U ( x , t )  of ( 3 4 )  may be r e w r i t t e n  i n  t h e  form 
2 n + l  2n m .t 

. . . ( 3 8 )  u ( x , t )  \ , \ x e  3 ,  - L., K i j  
i = O  j=1 

a r e  e a s i l y  computed. The form ( 3 8 )  may i n  t u r n  be 
where K i j  

r ea r r anged  i n t o  t h e  Chebyshev form of ( 6 ) ,  namely 
m .t 

u ( x , t )  = 1 Cij 'Ti (XI e 3 8 . . . (39 )  
2 n + l  2n 

_- 
i = O  j=1 

a r e  r e a d i l y  generated from K i j .  
'Ihere 

S i m i l a r l y  V ( x , t )  may be r e w r i t t e n  a s  

5, ( t )  Ti (x), 
2 n + l  

i = O  

V ( x , t )  E ) 
Y 

. . . (40) 

I f -  1 r 
where {Ci  (t)} a r e  e a s i l y  c a l c u l a t e d  f r o m  + L € i  ( t ) j ,  ?[qi ( t )  r .  

-. .- . . 

- - 
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Now, from ( 3 9 1 ,  we may 
2 n + l  

u ( x , t )  = D ( t )  i Y 

i = O  
2n m .t 

‘i j 
j=1 

3 e \ where D . ( t )  = 
1 - 

w r i t e  

Ti ( X I l  

Since  IT (x) I 1, e s t i m a t e s  may be made of t h e  d iscrepancy  

between t h e  s o l u t i o n s  of t h e  d i s c r e t e  problem and t h e  

i 

o r i g i n a l  problem on any l i n e  i n  t h e  t - d i r e c t i o n  by com- 

p a r i n g  t h e  c o e f f i c i e n t s  D ( t )  and 5 ( t )  which a r e  obta ined  i i 

f o r  d i f f e r e n t  c h o i c e s  of n .  

E r r o r s  could a l s o  be e s t ima ted  by ana lyz ing  t h e  

p e r t u r b a t i o n  t e r m s  on t h e  r i g h t  hand s i d e  of (9), us ing  t h e  

formulae (31) and ( 3 2 ) .  B u t  it seems s impler  t o  compare 

Chebyshev c o e f f i c i e n t s .  



3.  Separation of Steady State and Transient Solutions 

The solution v(x, t) of the or ig ina l  problem (1) and (2) 
0 

of Section 1 may be separated i n t o  two d i s t i n c t  pa r t s  

v (x , t )  3 U(x,t) + V ( X , t )  

The function v (x , t )  i s  a par t icu lar  solution of 

v - V t = 0  
XX 

such tha t  h -1 V + CL -1 V x = p l_ , ( t )  on x= -1, ? 
5. 

on x = 1 ,.J 

The function U(x,t) is then determined from 

u - U t = 0  
w 

subject t o  U + pm1 Ux = 0 on x = -1, 

h l U + p  u = o  on x = 1, l x  

u = g(x) 

where g(x) f (x) - V(X,O)  ,, 
J on t = 0, 

(44) 

(45) 

The term u ( X # t )  decays exponentially with t and is  ca l led  

the t rans ien t  solution, while V(x,t) i s  independent of f (x) 

and i s  ca l led  the steady s t a t e  solution. We note tha t  the 

solution (33) of the discrete  problem i n  section 2 was ex- 

pressed i n  an analogous way. 

I f  a steady state solution V(x,t) can be found, then the 

problem (1) and (2) reduces t o  a problem (44) and (45) of the 

same form, b u t  with pl-l and @1 ident ica l ly  zero. 

t a in  formulae for v(x , t )  when @-l 

We s h a l l  ob- 

and pll are  polynomials i n  t. 

For simplicity we  solve (42)  with the boundary conditions 

7 h v + p v = on x = 0, 
0 o x  

i o n x = 1  
-+ 

(47) 



The conditions (43) can be converted i n t o  (47) by s u i t a b l e  

transformations of x and t (but  note t h a t  h 10 p10 and @, are  
not  the same i n  (43) and (47))  e 

a 

Suppose tha t  cy €Ik are not both zero and t h a t  k' 
@ (t) cyo + c y 1  t +...+ cykt 8 

(48) 3 0 

g1 (t) = B + B t +...+ 8 t . 
0 1 k 

Then the solution of (42) and (47) has the form 
k 

i=o 

2 i  
V(x,t) = x [ y p  + x zi 

k 
where y i ( t )  = 1 Yi5 tJ and z i ( t )  = f zij t J 

j=o j=o 

(49) 

Algorithms fo r  determining Yi 

a l l  relevant cases. Note that ,  fo r  k5n0 the functions 

Yn-i 
Si (t) 

Po 

and Zij  are  given below for  

(t) and zn - i(t) are precisely the functions 

Constants p are  defined as  follows: mat ions ) 
and qi (t) Of section 2. ( a f t e r  the relevant transfor- 

0 
n -1 

= (n I) 8 n 2 1; pn = 0, n c 0 .  Pn = 1; 

3.1 p- #b# A- and A, not both zero 

Define 6 = ( c y j  - ho y j ) /  po and 
j 

are determined successively from the re la t ions  

and Gi j  = c1 p + h l  Pr+18 fo r  r = 2 i  - 2j , 1' r 
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3.2 p = 0 

0 

Set y = c u . / X o #  define Yij and Zij by (50) and (51) 
j 3 

j 
determining 6 successively from 

1 ! (6. Fij + ai G..)8 j = k8 k-l8...#O 5 0 1 1 3  

o '1 Pr+lt = ho P1 P, + A  where F ij 

and Gij = p1 prU1 + Pr8 for r = 2 i  - 2j. 

3 . 3  h = h l  = 0 
0 

In this case there is an arbitrary constant term in 

V(x,t) 8 which may be 

Set 6 = cfm/cb08 

j 3 
but with 

taken as zero. 

and define Y ij and Zij by (50) and (51), 

j = 08. ..0k /j, Y = Y 
13 

Determine y from (52) for j = k8 k-1#...00 
j *  

Y = o8 Yoj = 2 yj-l  
00 

j 
with F = o and otherwise ko 

for r = 2i - 2j . = c b  p Fij = 2 Po PI Pr+lt Gij 1 r  
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4. A Special Chebyshev Method for  the Radiation Boundary Problem 

The analysis  of Sec. 2 can be simplified i n  two s igni f icant  a 
respects  i f  h A1, P - ~ ~  ' . L ~  s a t i s f y  -1' 

-1 -1 h = A1' and I.L - - -!L1 . . . (53) 
For the solut ion of a polynomial ( 2 5 )  of degree 2n then reduces 

t o  the  solution of t w o  polynomials each of degree n ,  and the 

solution of the system (36) of l i nea r  equations can be obtained 

by the u s e  of recurrence re la t ions  i n  order n operations. 2 

Three s i tua t ions  i n  which (53)  apply a re  a s  follows. 

( a )  Radiation a t  Boundary (compare Example (ii) of Sec. 1) 

= u  = 1  . . . . (54a) 1 h = A 1  = h # 0,  - P - ~  -1 

(b)  Specified Temperature on Boundary 

= o  - 
+-1 - p 1  

0 

( c )  Specif led Flux across Boundary 

h-l = x l = o  . . . . (54c) 

The problems (b)  and ( c )  are  i n  a sense special  cases of ( a )  

. . . (54b) 

i n  which h = =, 0 respectively. 

When (53) holds i n  equation (20), 

P ( D )  5 R(D), Q ( D )  - S ( D )  

(n  1 
-1 and hence 2 P ( D )  a. = 6 

Thus ( 2 7 )  and ( 2 8 )  reduce t o  

. . . ( 5 5 )  

j=1 
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n h .t 

j=1 

and bi ( t )  = \ l j  B i j  e 
i 

. . . (56)  

tvhere A = 1, A i j  = (2n-21+2)(2n-21+1) M .  Ai 1, + u  i, ...( 57)  oj 3 -  

B 

M = ( m . )  

and -[mj) and h 

= 1, B . .  = ( 2 n - 2 i + 3 ) ( 2 n - 2 1 & 2 )  H .  Bi l,j + U i ‘  . . . (  58) 
oj 1 3  3 -  

j 3 and j = ( h j )  
-1 -1 

? >  

are  t h e  roots of 
i j J  

P ( z )  = 0 and Q ( z )  = 0,  wi th  c o e f f i c i e n t s  p and q given 
j j 

by  (21a).  

-l 

Thus (MjJ and ?H 1 a r e  t h e  roots of U 
n n-1 

n n-1 

+ P p  + ... = 0, . . . (59) 
+ Pn 

and q0 2 + q1 4- ... -k q, = 0 ,  . . . (60) 
r e s p e c t i v e l y .  

Now suppose t ha t  g ( x )  f ( x )  - V ( x , o ) ,  where V ( x , t )  is 

given by ( 3 5 ) .  Then t h e  s e t  of l i n e a r  equa t ions  (36)  r educes to  

U(x,o)  = g ( x )  a t  x = - x , ,  i = 1, ..., n . . . (61)  
+ 

+ and x } a r e  t h e  z e r o s  of T2n (x). T o  s o l v e  t h e  system i’ i 

(61), w e  f i r s t  form t h e  unique polynomial 

. . . (62a)  

of degree  (2n-1) vh ich  i n t e r p o l a t e s  g ( x )  a t  the r e l e v a n t  

p o i n t s .  The Lagrange formula f o r  (62a)  may be expressed a s  

. . . (62b) 
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If  a number of problems are t o  be so lved ,  t h e n  the c o e f f i c i e n t s  
* 

i n  L (x) may be regarded as known, and  the computat ions of 

Iyn-iJ 

i 
> - '\ and {En-i) from (62a)  and  (62b) thus i nvo lve  abou t  

2 2n o p e r a t i o n s  each. 
- n 

i=O 

2 i  + x z ) be the polynomial which i n t e r -  n-i  

polates g(x)  a t{* . ]  s u b j e c t  t o  the c o n s t r a i n t s  ( l o a )  and 

( lob )  on t = 0 ,  w i t h  O-L =.D1 3 0. 

- 1  

Then, s i n c e  

and v can be found such  t h a t  numbers v1 2 

L 

where we suppose t h a t  y o  = Zo = 0 .  Hence 
- yi - - yi + v1 Ui'  z i = z  + v u (i = 0,  ..., n )  ... ( 63) 

i 2 i  

The 

where CY i 

c o n s t r a i n t s  ( l oa )  and ( lob)  r e q u i r e  t h a t  

= 0 and ', p i  z = 0, i Yn-i L n- i  CY 

and 7i  are g iven  by (18). From ( 6 3 ) ,  these equa t ions  

2 '  lead t o  formulae for  v1 and v 

. . . (64 )  
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Thus yi and z a r e  now e x p l i c i t l y  determined by ( 6 3 ) ,  i 

and t h e  equa t ions  (61)  may be reduced by t h e  l o r n u l a t i o n  (loam 

..., n - 1 . . . (65 )  

Next d e f i n e  ri and s .  by t h e  fo l lowing  a lgo r i thms .  
i 1 
- 

i - j  r = yon (2n ) !  ri = ( 2 n - 2 i ) !  ~i - u ( 2 n - 2 j ) :  r 
j 0 

jZ1 

1, . . . #  n i =  . . . ' (66)  
i 

i = 1, ..., n . . . (67)  

By making u s e  of the  recurrence r e l a t i o n s  (57 )  and (58 ) ,  

w e  can manipulate  equa t ions  (65)  i n t o  

i 1 k .  ( M . )  
-A 3 3 = rin ) 

. -. (68)  

Now suppose t h a t  '(M . } were found from equa t ion  (59) i n  

t h e  o rde r  Mn, Mn,l, ..., MI. 
polynomia 1 

Then M. is a r o o t  of a d e f l a t e d  
3 

j-1 + ... + P j j  = 0,  2 P (2) 9 p j + Pl j  j oj . . . (69)  

whose c o e f f i c i e n t s  p i j  have a l r e a d y  been c a l c u l a t e d .  S i n c e  

. . . M .  are all r o o t s  of ( 6 9 ) ,  we may deduce t h e  fo l lowing  
M1 I 3 
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r -i 

3’ 
a lgo r i thm for  t h e  c a l c u l a t i o n  of lk. i. from 

5 

and k = ro. 
1 

A corresponding a lgo r i thm d e f i n e s  -[1 j}. 

A l l  the  computations above, i n c l u d i n g  

2 polynomials ,  involve  order n o p e r a t i o n s .  

j = n-1, ..., 1 

j-1) . . . (70) 

t h e  s o l u t i o n  of 

Thus t h i s  s p e c i a l  

Chebyshev method h a s  solved the discrete problem ( 9 )  and 

( loa -c )  i n  o rde r  n ope ra t ions .  2 

The case  h = h1 = 0 (compare s e c t i o n  2 . 1 )  r e q u i r e s  -1 

some modi f i ca t ions .  Choose m = 0, set  kn = z A = 0 

f o r  a l l  i , and s o l v e  (68) for kl, ..., kn-l. 

n n’  i n  
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5. Summary of t h e  Chebyshev Computations 

We summarize t h e  essent ia l  p a r t s  of t h e  Chebyshev method 

and  count  up  the number of o p e r a t i o n s  of a d d i t i o n ,  mu l t ip l i ca -  

t i o n ,  and d i v i s i o n  r e q u i r e d  i n  t h e  d e r i v a t i o n  and subsequent  

u s e  of t h e  d i s c r e t e  approximation U ( x , t )  t o  t h e  t r a n s i e n t  

s o l u t i o n .  Q u a n t i t i e s  independent of t h e  g e n e r a l  problem, 

such as  u ( 2 i ) ! ,  

the  coun t ,  

* 
(x), and G w i l l  n o t  be inc luded  i n  'i ij' i' 

The s o l u t i o n  of a polynomial w a s  performed by s u c c e s s i v e  

d e f l a t i o n s ,  c a l c u l a t i n g  t h e  dominant root a t  each stage by 

B e r n o u l l i ' s  method t o  2 f i g u r e  accuracy  followed by Newton's 

method t o  f i n a l  accuracy .  L e t  B. and N .  deno te  the numbers 
1 1 

of i t e r a t i o n s  which are found necessa ry  i n  t he  r e s p e c t i v e  

methods for  the deflated polynomial of degree i, and d e f i n e  
j 

. . . (71) 

I n  g e n e r a l  it w a s  found t h a t ,  f o r  n < 10 ,  the v a l u e s  B = 8 i - 
and Ni = 3 w e r e  n o t  exceeded. 

5.1 Special  Chebyshev Method 

For t h e  r a d i a t i o n  boundary problem i n  S e c t i o n  4 ,  t h e  even 

and  odd par t s  of U ( x , t )  were produced s e p a r a t e l y  from 

s i m i l a r  formulae.  I n  Table  5 we ana lyze  t h e  computat ions 

r e q u i r e d  for t h e  unknowns k m j ,  A i j  i nvo lved  i n  the even 
j 8  

0 
part  of U ( x , t ) .  Operat ions of order n have been  ignored .  

Add i t ion  shows t h a t  the  even (or odd) part  of U ( x , t )  h a s  been 
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d e r i v e d  i n  

. . . (72) 2 l l n  + 8n + K o p e r a t i o n s ,  n 
2 which f o r  Bi = 8 and Ni = 3 g i v e s  25n + .?.in o p e r a t i o n s .  

The e v a l u a t i o n  of t h e  even par t  a t  p v a l u e s  of x for m 

v a l u e s  of t invo lves  
p,E 2n2 -:- 1511-1 t 2pn'  oycra tions I . . . (73) 

m a t  We have allowed 15 operations for the evaluation of k . e  I . 
3 Table 6 

Der iva t ion  of Even S o l u t i o n  of Rad ia t ion  Roundarv Problem 

Q u a n t i t i e s  Re l e v a n t  Equat ions  N o .  of Opera t ions  

For the general method of S e c t i o n  2 we do 

de ta i led  a n a l y s i s .  Even and &d p a r t s  are  not 

t h i s  case, and t h e  d e r i v a t i o n  of U ( x , t )  can be 

n 

n +2n 

Kn + n 

2 2n -n 

Gn 

2 n +2n 

2 

2 

2 3n -2n 

2 3n 

n o t  g i v e  a 

separable i n  

shown to i nvo lve  

. . . ( 7 4 )  2 18 5 n3 + 44 n + 18n + K~~ o p e r a t i o n s ,  

which for  Bi = 8 and Ni = 3 becomes 
2 

18 j- * n3 + 10 n + ~ 4 n .  
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of t i n v o l v e s  

. . . ( 7 5 )  



6 ,  Advantages of the Chebyshev Method over the Fourier Method 

The following simplifications have ar isen from the Chebyshev 
0 

method : 

(1) The Fourier se r ies  involves s e t s  of cosines and s ines  

which cannot i n  general (e.g. (54a)) be related by 

recurrences. In the Chebyshev method the trigono- 

metric functions have been replaced by polynomials 

re la ted  by recurrences. 

The calculat ion of a set of in tegra ls  has been replaced 

by a process of polynomial interpolat ion.  For example, 

a set of Gaussian quadrature formulae are  replaced by 

a s ingle  interpolation formula. 

The solution of equations l i k e  (cy2 - h ) tan 2cu = 2ah 

has been replaced by the solution of polynomials. 

Trigonometric functions are  often computed from a 

polynomial approximation i n  any case. 

(ii) 

2 
(iii) 

I n  addition t o  these three s implif icat ions are  the following 

advantages: 

( i v )  The Chebyshev series can be expected to  converge more 

rapidly than the Fourier se r ies ,  especial ly  when f k )  

i s  not t ru ly  periodic. 

(v) The Chebyshev method could, i n  pr inciple ,  be applied 

pl, whereas the Fourier method 

has only been applied t o  mixed boundary problems fo r  
for  any X -1' p-1, A1' 

which l1 pm1 + p1 = 3. 

6.1 NJUmerigal E x m l c  

To compare the convergence r a t e s  of the two methods, con- 

s ider  a problem for  which the Fourier method i s  par t icu lar ly  

simple. 
- vxx - V t  - 0 

0 
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0 
The s t eady  state s o l u t i o n ,  by Sec t ion  3, h a s  t h e  form 

2 2 2 v (x , t )  5 - (x2-1) (x -5) + t ( x  -1) + t 12 
and t h e  t r a n s i e n t  s o l u t i o n  from t h e  F o u r i e r  method t r u n c a t e s  

i n t o  

05 where CY = ( 2 j - l ) ; ,  e j  = (cyj) . j 

By symmetry about x=OI t h i s  problem is of form (54b) ,  and t h e  

Chebyshev method of Sec t ion  4 i s  a p p l i c a b l e .  S ince  g (x )  i s  

even, t h e  s o l u t i o n  U(x , t )  of t h e  r e l e v a n t  d i s c r e t e  problem h a s  

f o r m  

dependent on j u s t  2n unknowns ml, . . . ,m ,kl,.,.,k . 
n n 

I n  tables 1 and 2, the c o e f f i c i e n t s  -m and B are com- 
j j 

pared  f o r  v a r i o u s  va lues  of n, and t h e  convergence of some 

i n d i v i d u a l  Chebyshev c o e f f i c i e n t s  C w i th  n i s  shown. I n  

Table  3, t h e  maximum errors i n  U ( x , t )  a r e  compared f o r  t h e  t w o  

methods for v a r i o u s  va lues  of n, t h u s  demonst ra t ing  t h e  su- 

p e r i o r  convergence of t h e  Chebyshev series. 

0 
i j  

Table 1 

Chebyshev 

n=3 n=4 n=5 

2.467 2,467 2,467 -m 

23.711 22.233 22.207 -m 

-m 393.822 75.646 62.595 

1 

2 

3 

Exponents 

F o u r i e r  

n=5 

2.467 

22 . 207 

61.685 

B1 

@ 2  

A 3  
120.903 

199,859 
B4 

$ 5  

1243.652 178.534 

3034 . 181 
4 

5 

-m 

-m 
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Table 2 

Some Chebyshev Coefficients 

n=3 n=4 n=5 
0.2745776 0.2745755 0.2745755 

co2 -0.0004911 -0.0004599 -0.0004576 

-0.0000019 -0.0000308 -0,0000288 ‘03 
‘04 -0.0000003 -0.0000045 

col 

‘05 -0.0000000 

Table 3 

Maximum Errors in U ( x , t )  

n 

3 0 4 
5 
6 
7 

Chebyshev Method Fourier Method 

0 , 0001 
0.000007 
0 , 0000016 

0 , 00004 
0.00001 
0,000005 
0.0000025 
0.0000013 
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7.  Comparison of Chebyshev and Crank-Nicolson Methods 

A comparison i s  made of r e s u l t s  ob ta ined  f o r  t h r e e  

t y p i c a l  problems of t h e  r a d i a t i o n  boundary type  i n  t h e  c a s e  

The apptoximate number of o p e r a t i o n s  r e q u i r e d  by t h e  

Crank-Nicolson method t o  c a l c u l a t e  t h e  numerical  s o l u t i o n  

U ( x , t )  a t  n e q u a l l y  spaced v a l u e s  of x on each of m e q u a l l y  

spaced t - l i n e s  i s  

3n + m (9n -6), 

us ing  e f f i c i e n t  r ecu r rence  r e l a t i o n s  desc r ibed  i n  Smith (1965).  

It is assumed t h a t  g r i d  p o i n t s  are excluded a t  which t h e  

s o l u t i o n  may be determined by symmetry or from t h e  boundary 

d a t a .  S ince  m is g e n e r a l l y  regarded  as b e i n g  of o rde r  n , 

the method invo lves  o rde r  n o p e r a t i o n s ,  compared wi th  o rde r  

2 

3 

n2 by (72)  f o r  t h e  corresponding Chebyshev method. 

A summary of t h e  results of t h e  t h r e e  examples is  given 

i n  Table 4. The Crank-Nicolson s o l u t i o n s  were genera ted  a t  

i n t e r v a l s  of .1 o r  .2  i n  x a t  t h e  fo l lowing  b a s i c  t -va lues :  

t = .l, . 2 ,  . 3 ,  .4, .5 ,  - 7 ,  1, 1 .5 ,  2 ,  3 ,  4. 

In te rmedia te  s t e p s  i n  t were ha lved  u n t i l  f u r t h e r  d i v i s i o n s  

produced s o l u t i o n s  d i f f e r e n t  by less than  0.0001. An analo-  

gous estimate w a s  u sed  i n  t h e  Chebyshev method, comparing 

va lues  of U ( x , t )  obtained a t  i n t e r v a l s  of .2 i n  x on the l i n e  

t = .l. Thus b o t h  methods w e r e  accurate t o  about  4 decimals  

f o r  a l l  t 2 .l, corresponding t o  t h e  r eg ion  i n  which d iscon-  

~ t i n u i t i e s  had become smoothed o u t .  
~ ~~~ ~ ~~ ~ 



- 2 8  - 

Consider a g a i n  t h e  example of Sec t ion  6.1. In  t h i s  case 

the accuracy 0.0001 w a s  obtained f o r  a l l  t .  

Example B. vx d iscont inuous  

Consider t h e  r a d i a t i o n  problem (54a)  wi th  h = 1 and 

i n i t i a l  d i s t r i b u t i o n  

f ( x )  cos  +n x + s i n  %TT x. 

The exponents m and h of t h e  Chebyshev method, which are 

independent of f ( x ) ,  were observed t o  be converging r a p i d l y  

t o  t h e  corresponding exponents -cy of the F o u r i e r  series, 

tabulated i n  Appendix I V  of C a r s l a w  and Jaege r  (1959).  

j j 

2 
j 

A t  t h e  

p o i n t  t = 0, t h e  Chebyshev s o l u t i o n  of Table 4 a t t a i n e d  i ts  

maximum e r r o r  of -05. 

Example C. v d i scont inuous  

Consider problem (54b) w i t h  

v = 0 on x = -1 and on x = 1, 

v = 1 on t = 0. 

On t = 0 t h e  Chebyshev s o l u t i o n  U ( x , o )  is  t h a t  polynomial 

which i n t e r p o l a t e s  f ( x )  

which e q u a l s  z e r o  a t  x = -1 and 1. 

1 a t  the  z e r o s  of TZn ( x ) ,  b u t  

( x ) ,  and t h e  error on t = 0 has  

maximum value  A for every  n. However, our  r e s u l t s  sugges t  

T2n Thus U ( X , O )  1 - 

t h a t ,  l i k e  t h e  Four i e r  series, t h e  Chebyshev s o l u t i o n s  con- 

verge uniformly with n on the range  r-1, 11 of x f o r  every  

t > 0. 

7 
- -1 

~ 



Example A 

Example B 

Example C 

Thus i n  t h e s e  examples t h e  Chebyshev method has proved 

t o  be from 4 t o  10 times as e f f i c i e n t  as  Crank-Nicolson, 

a l lowing  on ly  f o r  a crude error estimate. 
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